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« 01 Background
Models, theories >>> literature review



Model 

“Investors always allocate in all
risky assets available in the market 

to fully diversify away risks”

«

Markowitz Mean-Variance 
Portfolio Theory



Model 

“Investors always allocate in all
risky assets available in the market 

to fully diversify away risks”

«

Markowitz Mean-Variance 
Portfolio Theory



VS

Problem Formulation

Cardinality constrained 
mean-variance 

portfolio optimization

Generalized Markowitz’s model
min
$
𝑥&𝑸𝑥

s.t. 𝐫′x ≥ 𝑟
𝟏&𝑥 = 1 min

$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

0 ≤ 𝑥4 ≤ 1	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑓𝑜𝑟	𝑖	𝑓𝑟𝑜𝑚	1	𝑡𝑜	𝑛



Existing  
methodology

The literature in tackling CCMV in 
the last two decades can be roughly 
classified into two categories, 

direct and heuristic
algorithms. «

Gao & Li
Adopting relaxation 
schemes & invoking 
branch-and-bound 

algorithms
to attain an optimality.

Kening Jiang
Factor Model Based 
Clustering Approach

for Cardinality 
Constrained Portfolio

Selection



01
Transformation
Characterizing risky assets by 

factor model

02
Grouping

Grouping risky assets using 
clustering algorithm

Selection

03
Identifying representative(s) from 

individual
groups & forming the optimal 

portfolio

Factor Model Based Clustering Approach
Mind flow of Heuristics

« «



« 02 Detailed Process
Data prep & exploration  >>>  Heuristics >>> Optimization(direct)



Risk-free rate
Data source: Bloomberg

Weekly HIBOR rate

Hang Seng Index Components

Data source: Yahoo Finance
Periodicity: weekly

Since 2000

Data Exploration

Factors
• Hang Seng Composite 

Industrial Index
• Fama–French factors

Correlation matrix





Step1: Transformation

Characterizing risky assets by factor model

Linear Regression
Find loading coefficients of each 

risky assets

multi-Dimensional vectors
each risky asset is projected into 

multi-Dimensional vectors.



Step1: Transformation

Characterizing risky assets by factor model

.0
Correlation

How individuals returns are 
related to that of other assets

.1
Industry

How individuals returns are 
related to industrial sectors

Fama-French
.2

How individuals returns are 
related to the market, company 
size, company Price-to-Book 

Ratio 

« «



FM.0: Factor model using covariance matrix

risky asset is projected into 49-D
vector spaces.

«
Factors
Individual stock returns
49 in total

«



Step1: Transformation

Characterizing risky assets by factor model

.0
Correlation

How individuals returns are 
related to that of other assets

.1
Industry

How individuals returns are 
related to industrial sectors

Fama-French
.2

How individuals returns are 
related to the market, company 
size, company Price-to-Book 

Ratio 

« «



FM.1: Factor model across industry

risky asset is projected into 12-D
vector spaces.

«
Factors
Hang Seng Composite Industrial 
Index
11 in total

«



Step1: Transformation

Characterizing risky assets by factor model

.0
Correlation

How individuals returns are 
related to that of other assets

.1
Industry

How individuals returns are 
related to industrial sectors

Fama-French
.2

How individuals returns are 
related to the market, company 
size, company Price-to-Book 

Ratio, market momentum 

« «



FM.2 Fama–French three-factor model including momentum

risky asset is projected into 5-D
vector spaces.

Factors
SMB
HML
Excess market return
WML
4 in total

«



Step 2:Grouping risky assets using clustering algorithm

Goal: partition all risky assets into k groups risky assets using clustering algorithm 

Partitioned clustering
Organize elements into disjoint groups

Hierarchical clustering
Organize elements into trees.

Nested!



K-means
realization

«

Comparison of number of 
clusters made by 

partitioned and hierarchical 
clustering method 

Determine the appropriate number of 
groups

Preparation

7



Step 2:Grouping risky assets using clustering algorithm

Goal: partition all risky assets into k groups risky assets using clustering algorithm 

Partitioned clustering
Organize elements into disjoint groups

Hierarchical clustering
Organize elements into trees.

Nested!



K-means
Clustering

Algorithm
1. Selects K observations 

randomly and set them to be 
the initial centroids

2. Assigns each data point to its 
closest centroid

3. Recalculates the centroids as 
the average of all data points 

in a cluster
4. Assigns data points to their 

closest centroids
5. Continues steps 3 and 4 until 

observations are not 
reassigned or the maximum 

number of iterations is 
reached.

«



Fast Threshold 
Clustering 
Algorithm (FTCA) 

How FTCA creates 
clusters?
• Pseudo code

«



Fast Threshold 
Clustering 
Algorithm (FTCA) 

How FTCA creates 
clusters?
• Graphic presentation

««
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K-means
realization

«

Comparison of number of 
clusters made by 

partitioned and hierarchical 
clustering method 

Determine the appropriate number of 
groups

Preparation

7



Step3: Finalize portfolio selection.

Goal: Identifying representative(s) from groups and forming the portfolio

Optimization
Revised and computational 

feasible problem by adding the 
clustering result as

pre-grouping constraints

Selection by criteria
Concern: best candidate from 

each group may not necessarily
build the best portfolio



VS

Recall :Problem Formulation
Revised CCMV with

pre-groupingGeneralized Markowitz’s model
min
$
𝑥&𝑸𝑥

s.t. 𝐫′x ≥ 𝑟
𝟏&𝑥 = 1

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

9
Q =	18,424

R 𝛽T − 𝛼T + 1
Q

T:;



« 03 Outcome
Results and interpretation: Static EF >>> back test 





Long & short 
portfolio

«
min
$
𝑥&𝑸𝑥

s.t. 𝐫′x ≥ 𝑟
𝟏&𝑥 = 1
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Long only 
portfolio

min
$
𝑥&𝑸𝑥

s.t. 𝐫′x ≥ 𝑟
𝟏&𝑥 = 1

0 ≤ 𝑥4 ≤ 1	
1 ≤ 𝑖 ≤ 𝑛
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CCMV
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

0 ≤ 𝑥4 ≤ 1	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑓𝑜𝑟	𝑖	𝑓𝑟𝑜𝑚	1	𝑡𝑜	𝑛

k	=	3
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K-means.cor
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	7
𝜶𝒋 = 0
𝜷𝒋	 = 1
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K-means.IND
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	7
𝜶𝒋 = 0
𝜷𝒋	 = 1
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min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	7
𝜶𝒋 = 0
𝜷𝒋	 = 1
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K-means.FTCA
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	18
𝜶𝒋 = 0
𝜷𝒋	 = 1
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CCMV
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

0 ≤ 𝑥4 ≤ 1	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑓𝑜𝑟	𝑖	𝑓𝑟𝑜𝑚	1	𝑡𝑜	𝑛

k	=	3
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K-means.cor
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	7
𝜶𝒋 = 0
𝜷𝒋	 = 3
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𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	
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9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	7
𝜶𝒋 = 0
𝜷𝒋	 = 3
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min
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𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	7
𝜶𝒋 = 0
𝜷𝒋	 = 3
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K-means.FTCA
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

𝜶𝒋 ≤6𝒃𝒊	

𝒏

𝒊∈𝑰𝒋

≤ 𝜷𝒋	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑖 = 1,2, … , 𝑛.
𝑗 = 1,2, … , 𝑘.

k	=	3
j	=	18
𝜶𝒋 = 0
𝜷𝒋	 = 3













« Static?
Let history have a say! 



« Back testing
Portfolio performance across time





























« 04 Review
Future work >>> Project timeline review >>> Q & A



«
Future Work
Possible directions



04.Dynamic settings
Portfolio rebalancing

Portfolio turnover

03.Clustering
Hierarchical 

01.Problem 
modification
>> Changing Obj.

MAD, m.CVaR, M.Sharpe

>> Various constraints
• Shorting allowed
• Adding linear transaction cost constraints
• Minimum/maximum weight constraints«

02.Factor model
Buffett’s model 7 factors 
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04.Dynamic settings
Portfolio rebalancing

Portfolio turnover

03.Clustering
Hierarchical 

01.Problem 
modification
>> Changing Obj.

MAD, m.CVaR, M.Sharpe

>> Various constraints
• Shorting allowed

• Adding linear transaction cost constraints
• Minimum/maximum weight constraints«

02.Factor model
Buffett’s model 7 factors 



Long & short 
portfolio

«
min
$
𝑥&𝑸𝑥

s.t. 𝐫′x ≥ 𝑟
𝟏&𝑥 = 1
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CCMV
portfolio

min
$
𝑥&𝑄𝑥

s.t. r′x ≥ 𝑟
𝟏&𝑥 = 1

0 ≤ 𝑥4 ≤ 1	

6𝑏4	 = 𝑘
9

4:;

𝑏4 = <1, 𝑖𝑓	𝑥4 > 0	
0, 𝑖𝑓	𝑥4 = 0

𝑓𝑜𝑟	𝑖	𝑓𝑟𝑜𝑚	1	𝑡𝑜	𝑛

k	=	3



04.Dynamic settings
Portfolio rebalancing

Portfolio turnover

03.Clustering
Hierarchical 

01.Problem 
modification
>> Changing Obj.

MAD, m.CVaR, M.Sharpe

>> Various constraints
• Shorting allowed
• Adding linear transaction cost constraints
• Minimum/maximum weight constraints«

02.Factor model
Buffett’s model 7 factors 



Step 2:Grouping risky assets using clustering algorithm

Goal: partition all risky assets into k groups risky assets using clustering algorithm 

Partitioned clustering
Organize elements into disjoint groups

Hierarchical clustering
Organize elements into trees.

Nested!



04.Dynamic settings
Portfolio rebalancing

Portfolio turnover

03.Clustering
Hierarchical 

01.Problem 
modification
>> Changing Obj.

MAD, m.CVaR, M.Sharpe

>> Various constraints
• Shorting allowed
• Adding linear transaction cost constraints
• Minimum/maximum weight constraints«

02.Factor model
Buffett’s model 7 factors 



«Project timeline
look back



1. Identification of Projects
2. Approach to Prof. LI Duan
3. Work Out a research plan
4. Signature of Supervisor
5. Approval from Major Department
6. Submission to Faculty Office
7. Approval by ELITE Stream Director
and Associate Dean (Education)
8. Course Registered on CUSIS

Preparation done !Before July

Start learning R Programming
• though Coursera
• on the job

Register Statistic online courses
Literature reading…

Project schedule planning

Coding & STAT pick up .. Aug.





Determine universal asset pool.
Data collection from Bloomberg
Data exploration
Start to understand the literature (gradually…)

Regular meeting with Prof. Li

Data prep. Sep.

Successfully formulated Portfolio 
Optimization problem
FM.0 Factor model by correlation realized.
K-means Clustering realized.
FM.1 Industrial factor model.
… Debug …
…… Debug …
……… Debug ……
Constraints formulated !
Optimization problem.
Dynamic portfolio building.
Efficient Frontier explored !

Model realization in R Oct.

Revision and polishing
Efficient Frontier revised
Last week, graduation thesis part One
Learning about MaD portfolio selection
Last night, back testing and presentation slides …

FM.2 Fama-French Model: get FF factors data prep. >>>
Model development
Learn about FTCA clustering algorithm >>> FTCA done!.

Polishing up & documentation workSince Nov. 



Thanks
Questions and comments are
welcomed!

Special thanks to my supervisor, Prof. LI Duan


